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We present an extensive numerical study of the behaviour of a filament made of ferromagnetic colloidal
particles subjected to the simultaneous action of a fluid flow and a stationary external magnetic field
perpendicular to the flow lines. We found that in the presence of a shear flow, the tumbling motion
observed at zero field is strongly inhibited when the external magnetic field is applied. The field is
able to stabilise the filament with a well defined degree of alignment that depends on the balance
between hydrodynamic and magnetic torques. In addition, for a Poiseuille flow, it has been found that
the initial position has a long lasting influence on the behaviour of the magnetic filament when the
external field is applied. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4971860]
I. INTRODUCTION
The formation of chain-like structures made of ferromag-
netic colloids has been predicted more than four decades ago.1
Since the pioneering work of Tabata et al.2 and due to advances
in experimental techniques, it is possible to synthesise chains
of magnetic colloids with different properties.3–13 Recently,
Benkoski et al.14 have reported the visualisation of ferromag-
netic nanoparticles organised into one-dimensional chains, and
Hill and Pyun15 were able to design one-dimensional struc-
tures constructed from polymer-coated ferromagnetic cobalt
nanoparticles. The formation of these chains has important
implications. For instance, it determines the behaviour of mag-
netic fluids and their applications.16 For a recent review on the
chains of magnetic colloidal particles and their applications,
see the work of Wang et al.17 and the references therein.
Current experimental techniques allow the stabilisation
of self-assembled chains of magnetic particles by means of
polymer crosslinkers.18 The result of this stabilisation is a per-
manent polymer-like magnetic structure with improved prop-
erties with respect to the unstabilised chains. The presence
of the crosslinkers produces, for instance, a higher resistance
to stresses and an increased magnetic response of the chain.19
These crosslinked chains, known as magnetic filaments, are the
subject of an increasing research interest due to their potential
for technological applications. Their solutions can be thought
as easier tunable replacements for conventional ferrofluids;16
individual magnetic filaments can be used in magnetic mem-
ory devices, as chemical and pressure sensors or in medical
applications.20,21
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The current understanding of the physics of magnetic
filaments is far from being complete. Most existing experi-
mental and theoretical works have been devoted so far to the
study of their mechanical properties22–24 or their use as mag-
netically controlled micro-propellers and swimmers.18,25–27
Several studies have addressed the conformational instabili-
ties that might be experienced due to their interactions with
the background fluid. For instance, Ce¯bers28,29 reported on
the development of a buckling instability in filaments made of
superparamagnetic particles. More recently, the fundamental
aspects of the equilibrium configurational behaviour of mag-
netic filaments made of ferromagnetic particles have been
studied theoretically by means of coarse-grained computer
simulations.30–32 A rich scenario of equilibrium configura-
tions ranging from extended to coiled or closed ring-like and
helicoidal shapes has been found. More complex arrangements
of magnetic filaments have been investigated using the same
approach. See, for example, studies on the polymer brush-like
system made of these materials.33,34
Many of the aforementioned studies on magnetic fila-
ments are based or focused on their hydrodynamic interactions
with a background fluid. However, most of such works corre-
spond to bulk systems. Their behaviour in confined geometries,
like the microchannels used in microfluidic applications,35
remains almost unexplored. Microchannels are flow pipes with
a dimension that ranges from the submicron scale to hundreds
of microns. Their high surface-to-volume ratio and small vol-
ume provide several advantages for technological applications,
like a high rate of heat and mass transfer and a high effi-
ciency in terms of energy and amount of materials. Thus, they
can be used as efficient heat exchangers and in the transport,
separation, and/or mixing of biological materials and chem-
ical samples. Inside the channel, the pressure driven flow of
an incompressible fluid is characterised by a parabolic veloc-
ity profile across the diameter. This velocity profile is known
as Poiseuille flow. In such confined systems, the competition
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between a spatially dependent shear rate and hydrodynamic
interactions leads to a completely different behaviour when
compared to the bulk systems. Regarding bodies with a flexi-
ble filament structure, this effect has been shown, for instance,
in numerous works on the dynamics of flexible polymers in
microchannels. In particular, many studies have addressed the
conformations and migration across the streamlines of the
polymers under such conditions.36–42 The use of magnetic
filaments within microchannels opens up the possibility to con-
trol the hydrodynamic interactions in a microfluidic system by
means of external magnetic fields. This may represent a novel
approach to design, for instance, highly controllable analyte
separation devices, like field-flow fractionation systems.43–45
It is the purpose of the present paper to investigate, by
means of mesoscopic hydrodynamic simulations, the confor-
mational properties and dynamics of a magnetic filament,
made of ferromagnetic colloidal particles, when placed into
a microchannel and subjected to the simultaneous action of
the fluid flow and an external magnetic field perpendicular
to the flow lines. We will consider, for the sake of compari-
son, two types of flows: a Poiseuille flow that displays a local
and smoothly varying shear rate with opposite signs in the
upper and lower layers and a Couette flow that is charac-
terised by a uniform shear rate between the channel walls. The
coupling of the filament with the flow will be modelled with
the multiple-particle collision dynamics (MPC) technique. Our
results are expected to properly describe the behaviour of these
materials in nano and microfluidic devices and could be of
great interest in the understanding of the viscoelasticity and
magnetorheological properties of such solutions.
The paper is organised as follows: In Section II we
describe the numerical model including the description of the
magnetic filament, the solvent, and the simulation setup. In
Section III the results are discussed, and finally the conclusions
are presented in Section IV.
II. NUMERICAL MODEL
In this section, we describe how the filament and the fluid
are modelled, as well as our simulation setup for the fluid
flow and the external magnetic field. The magnetic filament is
implemented as a flexible polymer chain formed by monomers
with a permanent magnetic dipole moment. The filament is
embedded in an explicit mesoscopic solvent. The different
components of the simulation model are described below.
A. Filament
Among the different experimental techniques available
to create magnetic filaments, the one pioneered by Dreyfus
et al.18 provides the highest control on the flexibility of the
filament backbone. In this approach, neighbouring particles
in the chain are crosslinked by chemically bonding the ends
of the polymer molecules to their surfaces. On the one hand,
the link between the particles can bend more or less easily
depending on the amount, length, and intrinsic rigidity of the
molecular crosslinkers.46 On the other hand, the crosslinkers
also constrain the relative rotations of the linked particles: in
particular, the crosslinkers usually favor the alignment of their
magnetic easy axes. For the case of ferromagnetic particles that
have a permanent magnetic moment fixed with respect to their
solid body structure, this alignment corresponds to a head-to-
tail orientation of their magnetic moments. Besides this, and
to our best knowledge, the understanding of the effects of the
experimental crosslinkers on the internal degrees of freedom
of the filaments and their overall mechanical properties is still
only qualitative. For this reason, we choose to model the mag-
netic filament and, in particular, the effects of the crosslinkers,
using a simple phenomenological coarse-grained approach.
The magnetic filament is modelled as a bead-spring chain
of N magnetic monomers with diameter σ, where monomer
i has a dipole moment ~µi and a position ~ri. As an excluded
volume interaction, two monomers i and j interact with each
other via a truncated Lennard-Jones potential, which induces
purely repulsive interactions between the monomers:
ULJ (rij) =

4
[(
σ
rij
)12
−
(
σ
rij
)6]
+  , rij ≤ rcut
0, rij > rcut
(1)
where rij = ~ri −~rj  is the distance between the two monomers
and the cut off radius is rcut = 21/6σ.
The magnetic dipolar interactions are determined by
Udip(~rij,~ui,~uj) =
~µi · ~µj
r3ij
− 3(~µi ·~rij)(~µj ·~rij)
r5ij
, (2)
where ~rij = ~ri − ~rj. The dipolar interactions are calculated
by direct summation over all pairs of particles. Although the
total number of interactions that have to be evaluated is of the
order O(N2), it is the fastest way to compute it because of
the relatively small number of monomers involved, with the
advantage of being exact. The interactions of the dipoles with
an external magnetic field are determined by UH (~µi) = −~µi ·~H,
where ~H is the magnetic field.
The beads are connected by a harmonic potential that
mimics the effects of the crosslinkers attached to the surface
of the monomers. The anchor points of the springs correspond
to the intersections of the dipole orientation vectors with the
monomer surface (see Fig. 1(a)). This potential creates an
energy penalty if the dipoles exhibit orientations different from
those tangential to the backbone of the chain and has been
introduced in Ref. 31. The interaction between the connected
FIG. 1. Simulation setup. (a) Magnification of the bond arrangements and
dipole orientation. (b) Two different flow conditions used in the simulations:
Poiseuille and Couette. The external magnetic field acts perpendicular to the
flow.
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monomers in the chain is given by
Us(~rij,~ui,~uj) = 12 K
[
~ri −~rj − (uˆi + uˆj)σ2
]2
, (3)
where j = i + 1, i 1, K is the spring constant, and uˆi = ~µi/µ
a unit vector director, where µ = |~µi | is the magnitude of the
dipole moment that is kept constant.
B. Solvent and equations of motion
For the hydrodynamic coupling of the filament with the
flow, we use a mesoscopic method called Multiple-Particle
Collision (MPC) dynamics. The method was introduced by
Malevanets and Kapral47 and has been successfully used in
simulations of complex fluids ranging from colloids or poly-
mers to vesicles, blood cells, active swimmers, and others.48–52
Its simplified dynamics, in contrast to other methods like
dissipative-particle dynamics, has allowed the analytical cal-
culation of several transport coefficients. MPC can be com-
bined in a hybrid scheme with molecular dynamics (MD) to
compute the interactions of the filament which arises from
potentials.
In MPC the fluid is represented by explicit point-like par-
ticles, which do not correspond to the molecules of the fluid but
describe the spatial time evolution of mass, momentum, and
energy of the fluid medium. The particle positions~ri and veloc-
ities ~vi are updated in discrete time with alternating streaming
and collision steps. In the streaming step, the particles move
freely according to
~ri(t + ∆tc) = ~ri(t) + ∆tc~vi(t), (4)
with the so-called collision time ∆tc. In the collision step, the
particles are sorted into cubic cells of size a. In each cell the
centre of mass velocity ~vcm(t) = ∑j |~rj ∈Cell mj~vj(t)/∑j |~rj ∈Cell mj
is computed, where mj is the mass of particle j. For all particles
in the cell the relative velocities ∆~vi(t) = ~vi(t) − ~vcm(t) with
respect to the centre of mass velocity are rotated around a
random rotation axis by an angle α,
~vi(t + ∆tc) = ~vcm(t) + R(α)∆~vi(t), (5)
where R(α) is the rotation matrix around the random axis.53
The rotation axis is different for each cell and it is randomly
chosen in each simulation step whereas the angle α is kept
constant. The angle α determines the amount of momentum
and energy exchanged in the collisions. For small α, the indi-
vidual particles are less affected by the collision than for large
α. In order to ensure Galilean invariance, in each collision
step, the grid is shifted by a random vector of length a.54 The
average number of particles in one collision cell is nc, so that
the total number of fluid particles in the simulation box is
N f = ncL2W /a3, where W is the width of the channel and L
the length of the primary simulation box.
The magnetic filament is placed in a three-dimensional slit
channel, with planar walls and periodic boundary conditions in
the x-y axes in order to mimic an infinite slit (see the scheme in
Fig. 1). Fluid particles can penetrate the filament beads and the
hydrodynamic interactions between the fluid and the colloids
are taken into account by including the chain beads in the
collision step55,56 and updating their velocities according to
Eq. (5). The masses of the fluid particles are mf and the masses
of the monomers are set to m = ncmf so that the mass of a
monomer equals the average fluid mass in one collision cell.57
We have implemented two types of flows: Poiseuille and
Couette.
In the case of a Poiseuille flow, we apply a constant
acceleration ~g on the fluid particles, which is equivalent to a
pressure driven Poiseuille flow and results in a parabolic flow
profile.53 The flow velocity is related to ~g as ~g = 8ν~vflow/W2,
where ν is the kinematic viscosity, which is known analyti-
cally.58 We include virtual particles in partially filled boundary
cells to ensure no-slip boundary conditions.53
To generate a Couette flow, we move the two walls with
the velocity ~vwall in opposite directions, so that the shear rate
is given by γ˙ = 2~vwall/W . We implemented stick boundary
conditions at the walls via the bounce back rule, where the
velocity of a fluid particle i is changed by ~v ′i = −~vi + 2~vwall,
~vwall being the velocity of the rigid wall.
In all cases, we apply a thermostat that takes into account
the local fluid velocity from which the system temperature, T s,
is measured. After rescaling all relative velocities by a factor√
T/Ts the system is kept at a constant average temperature,
T.48 Huang et al.59 introduced a thermostat for MPC fluids
that takes into account the Poisson distributed particle density
in the MPC grid cells and it has been shown to ensure a uni-
form kinetic energy and density profiles across the slit. With
the rescaling thermostat used here, we observe qualitatively
similar deviations from the fluid density profiles as in Ref. 59.
Such deviations for the range of flow velocities used here are
less than 2% and they do not affect the results regarding the
conformations of the filament.
In between MPC steps, the trajectories of the monomers
are taken into account by MD, where the number of integra-
tion steps is determined by the ratio of the collision time and
the MD time step ∆tc/∆tMD. For all MD computations of the
monomers, we use the ESPResSo package60,61 with which we
have combined our implementation of MPC.
The equations of motion for the translational and rota-
tional MD integration are, respectively,
m ¨~ri = ~Fi, (6)
I ˙~ωi = ~Ti, (7)
where ~Fi is the total force and ~Ti is the total torque on a parti-
cle due to the interaction among dipoles and the dipoles with
the external magnetic field. The hydrodynamic and thermal
torques that may be physically important, particularly when
acting on a single colloidal particle, are not accounted for in
the present study. Even though, the particles are spherical, they
are anisotropic due to the presence of the dipole moment in
their centres. Thus, the torque applied on the particle in our
simulations is equivalent to applying a torque on the vector cor-
responding to the magnetic moment. I is the angular moment
of inertia and ~ωi its angular velocity.
C. Simulation details
The length is measured in units of the MPC grid spac-
ing r∗ = r/a and time is given in units of t∗ = t/t0 with
t0 =
√
mf a2/kBT , where the Boltzmann constant is set to kB
= 1. The reduced temperature is T ∗ = kBT/ , the reduced
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dipole moment is determined by µ∗ = µ/
√
4piµ0σ3 , with
the vacuum permeability µ0. The external magnetic field is
rescaled as H∗ =H
√
4piµ0σ3/ . The magnetic field strength is
determined by the Langevin parameter h = µ∗H∗/T ∗.
The filament length is set to N = 30 monomers. Each
monomer has a diameter of σ = a (with a = 1) and a dipole
moment of µ∗2 = 5. The repulsive interactions have a strength
of  = 1 and the strength of the springs is set to K = 30.
The parameters for the MPC solvent are α = 120, nc = 10,
∆tc = 0.1, and mf = 1. The resulting kinematic viscosity is
ν/(kBTa2/mf )1/2 ≈ 0.66 (see Sec. II B). For MD we use a
time step of ∆tMD = 0.0005, so that the ratio ∆tc/∆tMD = 200.
The width of the channel is W = 50a and the length for the
fluid periodic images is L = 75a. The solvent temperature is
set to T ∗ = 1.5, since at this temperature chains form open
structures, whose behaviour is the scope of the present work.
Below a transition temperature of T ∗ ≈ 0.8, closed structures
are formed.31 Such different geometries are expected to show
a completely different hydrodynamic interaction with the fluid
flow and will be the subject of a future study.
Similar to Ref. 41, we characterise the strength of the flow
by the Peclet number, which is obtained from Pe = γ˙τ0. In the
case of a uniform shear flow, the shear rate is defined as usual
(see Section II B), and for a Poiseuille flow we use a character-
istic local shear rate given by γ˙ = ∂v(z)/∂z |W/4 = 2vflow/W ,
similar to a uniform shear flow. τ0 is the relaxation time of
the end-to-end vector at equilibrium and has been obtained
from the exponential decay of the autocorrelation function.
We found τ0 = 3220t0, a value that is comparable to other sim-
ulations in polymer systems.62 In terms of τ0, a MD time step
is ∆tM D = 1.9 × 10−7τ0.
The maximum flow velocity either in the centre for
Poiseuille flow or at the walls in the case of a uniform shear is
controlled through vflow , such that the Mach number does not
exceed Ma = vflow/vs < 0.2, where vs =
√
5/3kBT/mf is the
sound velocity in an ideal gas, which constitutes the equation
of state for the MPC simulation scheme implemented in this
paper. In this study, a maximum flow velocity of vflow = 0.3
(Pe= 31.6) is used. Its corresponding Reynolds number is Re
= 22.7 and, although not turbulent, it is significantly beyond
the typical Re < 1 assumed for microfluidics. On addition, the
inertia effects due to non-zero and finite Re values will cause
some amount of streamline crossing.63 Smaller values for Re
imply an increase in the fluid viscosity and, as a consequence,
larger collision times are needed that require a much higher
computational effort. Since the main scope of the work is to
evaluate the competition between the flow and the external
magnetic field acting on the filament, we can use larger flow
velocities combined with higher magnetic fields (up to h = 1.5)
with equivalent results.
To integrate the rotational part, for simplicity, we have
taken the inertia tensor to be the identity matrix in order to
ensure isotropic rotations I = 1.
The setup of our simulations can be seen in Fig. 1. We use
different flow conditions: Poiseuille and Couette, and different
maximum flow velocities vflow at the centre or at the walls,
respectively. In Poiseuille flow, we obtain a parabolic flow
profile between the two planar walls. In addition, we apply
external magnetic fields with varying strength perpendicular
to the channel walls along the z-direction.
The initial random configuration is let to relax to its equi-
librium state. Afterwards, the system is equilibrated until the
flow is fully developed, where we use between 3 × 106 and
5 × 106 MD steps (equivalent to 0.57τ0 and 0.95τ0, respec-
tively). For averaging observables, we have used between
5 × 106 and 2 × 108 MD steps that correspond to the measur-
ing periods of 0.95τ0 and 38τ0, respectively. We have taken
5000 simulation steps between consecutive measurements.
The observables in our simulations have been averaged over
time and over eight (standard) up to sixteen independent runs.
The averages over time and over runs are both denoted by 〈〉
brackets.
III. RESULTS AND DISCUSSION
In this section, we present the results of our simulations
and we pay attention to the effect of the magnitude and type
of the flow and the strength of the external magnetic field on
the behaviour of the magnetic filament.
A. Field inhibited tumbling motion
In the absence of an applied magnetic field, we observe
that the filament under shear undergoes a tumbling motion
(shown schematically in Fig. 2). This type of motion has been
observed previously in polymers confined in cylindrical micro
channels and subjected to Poiseuille flow42 as well as in fil-
aments under a uniform shear flow.64 The presence of such
dynamical effect can be monitored through the total magneti-
sation of the chain, which is given by ~M =∑Ni=1 ~µi. The
total magnetisation is proportional to the end-to-end vector,
~Ree = ~r1 −~rN , if the dipoles are aligned along the backbone of
the chain, which is the case in our simulations. The change in
time of the component of the magnetisation along the channel,
Mx, over its saturation value, Ms = N µ, is shown in Fig. 3 for
FIG. 2. Two snapshots of the characteristic conformations
of a filament subjected to a Poiseuille fluid flow that
illustrate the tumbling motion observed at zero field, h = 0.
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FIG. 3. Time series of the normalised magnetisation along
the flow Mx /Ms. External field: h = 0 (blue line); h = 1.5
(red line). Chain length: N = 30; temperature T∗ = 1.5, ini-
tial position of the filament: z = W /8; flow velocity vflow
= 0.3 (Pe = 31.6). (a) Poiseuille flow. (b) Couette flow.
a Poiseuille flow (left) and for a Couette flow (right). We can
observe that Mx/Ms erratically varies between positive and
negative values (blue lines), which corresponds to reorienta-
tions of the chain in the flow. A steady zero value, ~M = 0, would
correspond to a closed chain, and values near zero are expected
for coiled configurations.
In the presence of an external magnetic field perpendicu-
lar to the flow, the behaviour of the filament is pronouncedly
different. As it can be seen in Fig. 3 (red lines), the mag-
netisation in the flow direction fluctuates around a constant
non zero value. These observations suggest that the tumbling
motion with crossovers of the end-to-end vector in the plane
perpendicular to the flow is strongly inhibited by the external
magnetic field.
For a chain placed in a Couette flow, once the shear flow
is coupled with the magnetic field, the alignment of the fila-
ment along the flow is retained as depicted in Fig. 3 (right).
We checked this behaviour by performing separate long sim-
ulations in linear shear flows (data not shown), in which the
magnetisation along the flow remained constant for more than
40 times the equilibrium relaxation time of the end-to-end
vector.
In the case of a filament placed inside a Poiseuille flow,
since the chain is able to slowly diffuse along the z-direction,
eventually it may cross the centre of the channel where it expe-
riences a change in the sign of the local shear rate. As a result,
the filament undergoes fast reorientations until it has entered
completely into the new layer. This is reflected in the measure
of Mx that takes a value that is symmetric with respect to the
previous one as seen in Fig. 3 (left). The original position of
the z-coordinate of the filament centre of mass was z = W /8. It
is worth noting that the system is able to retain its orientation
beyond 10τ0 for the selected system parameters. Thus, we can
define two observation times that are relevant to the Poiseuille
flow in our simulations. A short time scale that characterises
the average time in which the chain remains in a particular
layer with a well defined magnetisation and a long time scale
in which the chain is able to diffuse from one layer to another
and back. It is worth saying that this division is qualitative: it
surely depends on the system parameters and the value of an
externally applied field. Besides that, such a distinction is not
relevant to the Couette flow. However, splitting the time scales
allows us to study the behaviour of the filament in a more sys-
tematic and thorough way and deepen our understanding of
the relative influence of the initial conditions.
In the supplementary material, we provide videos that
illustrate the behaviour of the filament with and without the
external field.
B. Chain migration across streamlines
In an ideal Poiseuille flow, the tendency to push particles
far from the walls due to the extra tension in the streamlines
in that region is compensated by the effect of the flow to move
particles away from the centre of the channel. Such combina-
tion of hydrodynamic interactions along the filament and with
the walls results in a migration of the chain across the stream-
lines from the position where it was originally placed until a
balance between both effects is achieved.
In order to quantify the relevance of the observed chain
migration across the streamlines, we have looked at the evo-
lution of the probability distribution of the z coordinate of
the chain centre of mass, P(zCM ) for the case of the Poiseuille
flow. The result shown in Fig. 4(a) is obtained after performing
long runs, averaged over 16 independent realisations. After a
simulation time of 30τ0 (dashed line), a double peak in the dis-
tribution emerges. Extending the simulations up to 70τ0 (solid
line), a bimodal distribution is obtained in agreement with the
FIG. 4. Behaviour of the position of the filament centre
of mass across the channel, zCM , for a Poiseuille flow (Pe
= 31.6) and an external magnetic field (h = 1.5). (a) Prob-
ability distributions of zCM for times up to 30τ0 (dashed
lines) and 70τ0 (solid lines). Results have been averaged
over 16 independent runs. (b) Averaged zCM as a function
of time for initial placements at z = W /8 (red dots) and z
= W /2 (black squares). The centre of the channel is indi-
cated with the dotted horizontal line. Error bars stand for
standard deviation values.
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FIG. 5. (a) Examples of the time evolution of the cen-
tre of mass of the filament across the channel, zCM /W
(upper panel), and normalised magnetisation along the flow,
Mx /Ms (lower panel), for Poiseuille flow (Pe = 31.6) and
external field (h = 1.5). Two trajectories for initial place-
ments at W /8 (grey and red lines) and one for W /2 (black
line) are shown. Examples of the three main characteris-
tic filament conformations are included in the upper panel,
obtained from the latter trajectory at times indicated by
the green points. (b) Overlapped filament conformations
corresponding to the locations near the centre of the chan-
nel (black) and near the two equilibrium points (red and
blue). Each group includes 30 configurations. The overlap
is obtained by shifting the x-coordinate of the centre of mass
of each configuration to zero.
findings reported by Reddig and Stark.65 The maxima of the
distribution located at zCM/W ≈ 0.35 and zCM/W ≈ 0.7
should correspond to the equilibrium location of the particles
in the channel if no thermal diffusion is present.
The relevance of the initial condition is monitored through
the time variation of the average position of the z-coordinate
of the chain centre of mass, 〈zCM〉 up to t ≈ 38τ0 (Fig. 4(b)).
In the case of a filament initially placed at z = W /8, the nor-
malised 〈zCM〉 has not yet reached its asymptotic value 0.5 (red
dotted points), whereas when located at z = W /2, 〈zCM〉/W
basically approaches the centre of the channel (black squared
points). The initial condition selects at the beginning the closest
equilibrium location, showing its importance on the structural
chain properties within the short time scale. Remarkably, the
signature of the initial condition has not vanished completely
after t ≈ 38τ0.
The existence of two symmetric stable positions within
the channel can be better visualised by looking at individ-
ual simulation trajectories. In Fig. 5(a) one can see different
trajectories of the filament centre of mass (upper panel) and
corresponding magnetisation projection on the flow axis for
the Poiseuille flow. These examples evidence that the filament
fluctuates in the long time scale between the two stable posi-
tions, flipping its orientation on the way. The upper panel of
Fig. 5(a) also includes examples of the characteristic shapes
of the filament at the two stable positions and at the centre of
the channel. The persistence of such characteristic conforma-
tions is illustrated in Fig. 5(b), where a set of 30 configurations
measured for each of the three aforementioned positions has
been overlapped.
One can see that at the stable positions the filament is
relatively straight, showing a characteristic angle with respect
to the direction of the flow, whereas in the middle of the channel
the filament assumes the shape of the flow profile, undergoing a
flipping transition. The mechanisms governing this behaviour
are discussed in detail below.
C. Filament properties in the short time scale (t . 10τ0)
In Secs. III C 1 and III C 2 we analyse the degree of
alignment of the chain with the flow and its main structural
parameters, that is, the radius of gyration and the net magnetic
moment projected on the direction of the flow. This will help
us to quantify the effect of the strength of the external magnetic
field and the fluid flow on the chain behaviour in the short time
scale that corresponds to the residence time of the chain under
Poiseuille flow in the layer where originally placed.
1. Chain alignment with the flow
The degree of alignment of the chain with respect to the
flow can be explained by a balance between the hydrody-
namic and magnetic torques as shown in Fig. 6 (left). For
both Poiseuille and uniform shear flows, the centre of mass
of the filament moves with the velocity of the flow, but differ-
ent parts of the filament are subjected to different velocities
due to the imposed velocity gradient. Therefore, the filament
experiences an effective torque from the flow rotating clock-
wise. This hydrodynamic torque is balanced by an effective
magnetic torque in the opposite direction due to the external
field acting on the dipoles. The net effect of this torque bal-
ance is the stabilisation of the alignment of the filament in the
flow.
On the right hand side of Fig. 6, we represent the expected
orientations of the filament in a Poiseuille flow with respect to
the direction of the magnetic field and its position in the chan-
nel. The vertical component of the total magnetisation vector
upward or downward is determined by the orientation of the
external magnetic field. The mainly horizontal orientation of
the filament results from the gradient of the flow as has been
explained previously. Thus, the filament in a Poiseuille flow
can be stabilised at two symmetric positions within the chan-
nel, each one with two possible orientations. For the Couette
FIG. 6. (a) Schematic view of the balance between the hydrodynamic and
magnetic torques. (b) Possible orientations of the magnetisation of the filament
in a Poiseuille flow.
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FIG. 7. (a) Main figure: alignment angle as a function of
the magnetic field in a Poiseuille flow. Flow velocity: vflow
= 0.3 (Pe = 31.6). Initial chain location: W /8. Points cor-
respond to simulation data, black solid line to the values
given by Eq. (8). Inset shows the fit of the friction coeffi-
cient, Γ, from the simulation data. (b) Scatter plots of the
filament conformations observed at positions around W /8
under Poiseuille flow for two values of the external field (red
and blue points) and corresponding average conformations
(black and green circles). In this visualisation, the centre of
mass of each conformation has been shifted to the origin.
flow, only one stable position with two orientations can be
observed.
In order to analyse the alignment of the filament with the
flow at the stable positions, we define the alignment angle, θ,
as the angle formed by the end-to-end vector, ~Ree, with the x-y
plane. In the case of a linear rigid rod, an analytical estimation
of this parameter can be obtained by balancing the hydrody-
namic and magnetic torques acting on the centre of mass of
the filament. Here we give only the basic arguments and the
details of the derivation of the exact expressions can be found
in the Appendix. The hydrodynamic torque for a filament
whose centre of mass is located at zcm and its end-to-end dis-
tance is Ree yields an expression that is τν ∝ Γγ˙(zcm)R2ee sin2 θ.
The torque created by the magnetic field can be written as
τµ ≈N |~µ × ~H | = N µH sin(pi/2−θ). By equating these torques,
τµ = τν , and assuming that the filament at a stable position
has a perfectly straight chain conformation, we obtain an
expression that yields θ as a function of the magnetic inter-
action, h= µH, and the flow strength, given by the local shear
rate γ˙(zcm),
Γγ˙(zcm) N
2 − 1
12
σ2e sin2 θ = µH cos θ, (8)
where Γ is the friction coefficient of a single bead and σe is
the effective distance between consecutive beads in the chain,
so that for the straight conformation Ree = Nσe. Both Γ and
σe can be directly estimated from the simulation data.
Fig. 7(a) shows the increase of the alignment angle for a
filament in a Poiseuille flow, initially placed at z = W /8, with
the strength of the magnetic field. The plot includes both the
results from the simulation data and the estimation provided
by Eq. (8). The latter has been obtained by approximating the
local shear rate as corresponding to the average position of the
filament centre of mass, γ˙(zcm) ≈ ∂v(z)/∂z |z=〈zcm〉, assuming
that the variation of γ˙ along the extension of the filament in z
direction is small; in particular, 〈zcm〉 = 0.21W has been taken;
a value of Γ = 39.1, obtained from the linear fit of the hydro-
dynamic force measured in simulations and the flow velocity
(shown in the inset of the figure), has been used; finally, simula-
tion measurements of Ree provided an effective bead diameter
of σe = 0.9σ. The agreement between the simulation data and
Eq. (8) is very good, particularly for low values of the field.
The higher differences observed at high fields can be explained
by the deviations of the filament conformation from a perfectly
straight chain. A direct inspection of the filament conforma-
tions, illustrated in Fig. 7(b), shows that the filament ends tend
to be more aligned with the field than the central part as the field
strength increases, making the chain effectively less straight.
Therefore, Eq. (8) overestimates the hydrodynamic torque at
high fields and predicts smaller angles θ.
The characteristic alignment angle as a function of the
strength of the fluid flow is shown in Fig. 8. At zero flow the
chain is aligned along the magnetic field, forming an angle
of 90◦ with respect to the channel walls, as expected. For
increasing flow velocities and for a filament subjected to a
Poiseuille flow, significant differences are observed depend-
ing on the initial position of the filament in the channel. When
the chain is placed in the centre (black line) the alignment
angle barely changes within the time of observation. This can
be easily understood since the chain typically develops a U-
shaped structure along the flow due to the different signs in
the velocity gradients exerted on different parts of the chain,
as shown in Fig. 5(b). Thus, although the magnetisation is
small, the alignment is mainly in the direction of the field. On
the other hand, if the filament is located outside the centre, for
instance at W /8 (red line), it becomes more tilted along the
streamlines with increasing flow. At the highest flow veloc-
ity the angle is close to 20◦. These results are compared with
the case of a filament placed at the centre of the channel and
subjected to a Couette flow (dashed blue line). The shear rate
FIG. 8. Alignment angle of the filament as a function of the flow velocity for a
strength of the magnetic field h = 1.5. Filament in a Couette flow placed initially
at W /2 (blue dotted lines): simulation results (dotted line with symbols) and
corresponding result given by Eq. (8) (dotted line). Filament in a Poiseuille
flow (solid lines): simulation results for initial placements at W /2 (black line
with symbols) and W /8 (red line with symbols), and corresponding result of
Eq. (8) (magenta solid line).
234902-8 Lu¨sebrink et al. J. Chem. Phys. 145, 234902 (2016)
FIG. 9. Probability distribution of the radius of gyration,
Rg (a), and the normalised magnetisation along the flow,
Mx /Ms (b), for a filament placed in a Poiseuille flow (Pe
= 31.6) at different initial positions in the channel evaluated
in the short time scale, t . 10τ0. At zero field, h = 0, and
z = W /8 (dashed blue line); with an external field h = 1.5
and z = W /8 (solid red line); at h = 1.5 and z = W /2 (dotted-
dashed grey line). For comparison we include the results
for a chain in equilibrium: Pe = 0, h = 0 (black dotted line).
was taken to be equal to the local shear rate in the Poiseuille
flow at W /8. The good agreement between the Poiseuille and
the uniform shear suggests that the effect of the alignment is
induced by the gradient in the flow field and does not occur
due to entropic effects of the walls. The agreement of the sim-
ulation data with the results of Eq. (8) is also rather good,
still showing a slight underestimation of θ by the analytical
approximation.
2. Structural properties in a Poiseuille flow
In this section we restrict our analysis to the Poiseuille
flow, since significant differences are expected for this profile
in the short (t . 10τ0) and long time scales (t ≈ 38τ0). The case
of the Couette flow will be analysed when discussing the long
time regime.
The locking of the tumbling motion is only one of the
effects that the combined presence of a flow and an exter-
nal field exerts on the behaviour of a magnetic filament. As
it will be shown, the flow also strongly modifies the aver-
age structural properties of the chains for both zero and
non-zero magnetic field cases. In order to characterise such
changes, it is convenient to resort to the gyration tensor, defined
as
Gαβ = 1
2N2
N∑
i,j=1
(
rαi − rαj
) (
r
β
i − r βj
)
, (9)
where α and β denote the coordinates x, y, and z. In the fol-
lowing, we consider the components Gαα which represent the
elements of the radius of gyration parallel (xx) and perpendic-
ular to the flow (yy and zz). Gαα are a measure for the average
quadratic distance of the monomers from the centre of mass.
The radius of gyration can be obtained by the square root of
the trace of G, so that Rg =
√∑
α Gαα (which corresponds to
the sum of the eigenvalues of G, since G is quadratic).
As it was already noticed in Sec III C 1, the behaviour
of a magnetic filament in a Poiseuille flow is more subtle due
to the change in the local shear rate along the perpendicular
direction to the flow and the influence of the initial condition.
Therefore we focus on this type of flow.
We have evaluated the probability distribution of the
radius of gyration and the component of the chain magneti-
sation in the direction of the flow as a function of the flow
intensity and the strength of the external magnetic field. The
results are shown in Fig. 9. For a filament in equilibrium at zero
flow and zero magnetic field (black dotted line), the probabil-
ity distributions agree with the earlier findings.32 The chain
configuration is similar to a random walk, which is slightly
more elongated than in the ideal case due to the magnetic
dipolar interactions. At the same time, the magnetisation in
the x direction exhibits a broad zero centred distribution. In
the presence of flow without magnetic field (blue dashed line),
the probability distributions of both the radii of gyration and
the magnetisation become broader. The reason for wider dis-
tribution tails is the presence of tumbling motion induced by
the flow. With an external magnetic field and high flow veloci-
ties (red solid line), the probability distribution of the radius of
gyration is shifted to much higher values, in consistency with
the previous results. The magnetisation in this case shows a
narrow peak, indicating a persistent orientation of the chain in
one direction. The orientations of the dipoles in this case fol-
low the magnetic field but are tilted strongly in the direction
of the flow.
The relevance of the initial condition is also reflected in
Fig. 9 (dashed-dotted grey line). The radius of gyration for a
filament placed at the centre, W /2, shows a well defined peak
indicating that the chain is elongated in the direction of the
flow. However, it is less stretched than the filament placed
at W /8. Similarly, the filament magnetisation when placed at
the centre of the channel develops a broad distribution with a
non-zero maximum value, but much smaller compared with
the filament placed close to the wall, as a result of the fast
reorientations of the chain.
The emergence of a well defined peak in the radius of
gyration and in the total chain magnetisation with increasing
values of the external magnetic field is shown in Fig. 10. At
small field values (h = 0.15), Rg and |Mx | display a broad
distribution due to the tumbling motion (black dotted line).
At intermediate values (h = 0.45), a peak starts to develop
(blue dotted line); however, the chain is not yet fully stabilised.
At larger field values (h = 1.49), the chain is stabilised at a
particular alignment angle and a well defined peak is observed
(solid red line).
The behaviour of the magnetic filament in a Poiseuille
flow can be further analysed through the evaluation of the
end-to-end distance Ree. In Fig. 11(a) we present the aver-
age components of Ree when the chain is subjected to an
external magnetic field of varying strength. We observe a
monotonic increase of the component along the direction of
the field 〈Ree,z〉, as expected. More interesting is the behaviour
of the component parallel to the flow, 〈Ree,x〉. At zero field,
its average value is basically zero due to the tumbling motion.
As the external field grows, the filament gets stabilised and
an abrupt increase in 〈Ree,x〉 is observed. However, a further
increase in the field strength results in a higher value of the
alignment angle, as seen in Fig. 7(a), thus, 〈Ree,x〉 tends to
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FIG. 10. Same as Fig. 9, for a chain initially placed at z
= W /8 and subjected to a Poiseuille flow of strength Pe
= 31.6 at different values of the external magnetic field h.
decrease for large fields. The interpretation of this behaviour
can also be supported by the analysis of the fluctuations of
Ree,x, ∆Ree,x = [〈R2ee,x〉 − 〈Ree,x〉2]1/2. Figure 11(b) shows the
dependence of ∆Ree,x on the field strength, in this case for
both Poiseuille and Couette flows at Pe = 31.6. The results
for both flow profiles are very similar: at low fields (h . 0.3),
large fluctuations of Ree,x can be observed, corresponding to
the crossovers of the end-to-end vector in which the filament
changes its orientation erratically; at high fields (h & 1.0), the
fluctuations are small due to the stabilisation of the main fil-
ament orientation. This agrees, respectively, with the broad
and sharply peaked distributions observed in Fig. 10 for the
magnetisation in the direction of the flow. The intermediate
region of field values, 0.3 . h . 1.0, separates the regime of
tumbling motion of the filament from the stabilised orienta-
tion regime, in which only relatively small thermal fluctuations
are present. We note that the transition of thermal to tumbling
motion fluctuations occurs at around h = 1.
D. Filament properties in the long time scale (t ≈ 38τ0)
In Sec III C 2 we have analysed the structural properties of
the filament in a Poiseuille flow in the short time scale, a period
of time in which the chain remains in the layer where it was
originally placed. Such behaviour is expected to be strongly
modified in the long time regime due to the diffusion across
the channel layers. In addition, we have already observed that
the average position of the z-coordinate of the chain centre of
mass, 〈zCM〉, is able to retain the memory of its initial position
beyond a simulation time of t = 38τ0 (see Fig. 4(b)). In this
section, we will investigate how the influence of the initial
condition in a Poiseuille flow is translated into the structural
properties in the long time regime. After a simulation time of
38τ0, the response of the filament to the action of the external
magnetic field and the flow strength will be analysed through
the evaluation of the different components of the radius of
gyration. These results will be compared with the case of a
filament immersed in a Couette flow that, for simplicity, is
treated separately.
1. Couette flow
The fastest response of the structural properties of the
filament to the flow intensity, with and without the external
field, is found to take place when the filament is immersed
in a Couette flow, as it is shown in Figures 12 and 13 (blue
solid lines). It can be clearly observed from those figures that
the sheared flow, characterised here by the Peclet number Pe,
induces on average an elongation of the chain along the flow
direction that is independent of the tumbling dynamic phe-
nomenon. Figures 12 and 13 show how the component of the
radius of gyration parallel to the flow Gxx grows, while the
components perpendicular to the flow shrink with Pe. The net
outcome is an increase of the radius of gyration of the chains
(notice the star lines in both plots). At this point, it is worth to
observe that the radius of gyration at zero flow is in agreement
with the earlier findings in Ref. 32.
When the external magnetic field is applied, the tum-
bling motion is strongly inhibited and the chain remains in
a straight configuration. As a consequence, the value of the
radius of gyration increases substantially with respect to the
zero-field case (see Fig. 13). At zero flow, the filament is elon-
gated mainly in the direction of the magnetic field, whereas
with increasing flow the filament bends in the flow direction
until the characteristic tilt angle is achieved. It is possible to
identify a characteristic flow velocity in which the chain ori-
entation is such that Gxx = Gzz. In an ideal case, and for Gyy
= 0, this situation would correspond to a chain tilted at 45◦ in
the x–z plane.
FIG. 11. Behaviour of the end-to-end distance, Ree, of a
filament placed initially at W /8 in the short time scale limit
(t . 10τ0). (a) Average values of the components of Ree
normalised by the chain contour length, (N − 1)σ, as a
function of the strength of the magnetic field h at Pe = 31.6
for a Poiseuille flow. 〈Ree,x〉 (); 〈Ree,y〉 (4); 〈Ree,z〉 ().
(b) Fluctuations of Ree,x as a function of h for Couette and
Poiseuille flows.
234902-10 Lu¨sebrink et al. J. Chem. Phys. 145, 234902 (2016)
FIG. 12. Filament radius of gyration evaluated in the long time scale regime
(t ≈ 38τ0) for different strengths of a Poiseuille flow without external field
(h = 0) and for different initial positions of the filament centre of mass: W /2
(black solid line); W /8 (red solid line). Results when a Couette flow is applied
(blue solid line). Symbols stand for: Rg(>); Gxx (); Gyy (©); Gzz (4).
2. Poiseuille flow
In the case of a Poiseuille flow, Figures 12 and 13 evi-
dence a behaviour qualitatively comparable to the Couette
flow. Moreover, the values obtained in our simulations for the
radius of gyration components at zero field are similar to those
obtained by Cannavacciuolo et al.,41 where polymers in narrow
channels in Poiseuille flow were studied.
We found the reaction of the chain to the flow to be
weaker in the Poiseuille case than in the Couette flow. This
effect is due to the fact that in the Poiseuille flow the local
shear rate varies with z-position, which induces a local vari-
ation of the hydrodynamic torque. Thus, given the same
Pe number, the effective torque applied over a chain in a
Poiseuille flow is smaller than in the case of a uniform shear
rate.
We have also analysed the effect of placing the filament
at different initial starting positions from the channel cen-
tre. In the zero-field case (see Fig. 12), we found almost no
differences in the radius of gyration for the different initial
positions of the filament. This result is not surprising since
the chain dynamics is dominated by the tumbling motion, no
matter what its position is in the channel. However, when the
external magnetic field is turned on, significant differences
can still be appreciated (Fig. 13). The changes in Gxx and Gzz
for a filament initially placed in the centre, W /2 (black solid
FIG. 13. Same as Fig. 12 when an external magnetic field, h = 1.5, is applied
perpendicular to the fluid flow.
lines), are slower compared to the case of a filament located
outside the centre, i.e., at the starting position W /8 (red solid
line).
Thus, we can conclude that the initial condition has a long
lasting influence on the structural properties of the filament
in a Poiseuille flow and that significant differences with the
Couette flow are observed.
IV. SUMMARY AND CONCLUSIONS
In this paper we have presented the results of extensive
numerical simulations of a magnetic filament made of fer-
romagnetic particles, placed in a channel and subjected to
a fluid flow and an external magnetic field perpendicular to
the latter (Fig. 14). We have considered two different flows:
Poiseuille and Couette. The simulations combine a hybrid
scheme in which fluid particles are coupled to the hydrodynam-
ics via multiple-particle collision dynamics and the interaction
between the chain monomers is solved with standard molecular
dynamics.
We found that, in the presence of a shear flow, the tum-
bling motion that is a characteristic of semiflexible chains at
zero field is strongly inhibited by the presence of a perpendic-
ular magnetic field. Beyond a characteristic value, the external
magnetic field is able to stabilise the filament with a rather
straight conformation and a well defined degree of alignment
with the flow. The latter is the result of the balance between the
hydrodynamic and magnetic torques. Under these conditions,
the orientation of the net magnetic moment of the filament is
imposed by the direction of the field.
In the case of Poiseuille flow, which is characterised by
a parabolic flow profile in vx(z) and a slowly varying local
shear rate with opposite signs in the upper and lower layers of
the channel, we have been able to identify a short time scale,
which depending on the system parameters is typically an order
of magnitude larger than the characteristic chain relaxation
time (for instance, t & 10τ0, for field intensity h = 1.5 and flow
strength Pe = 31.6 as depicted in Fig. 5(a)), in which the fil-
ament tends to remain in the layer where it was originally
placed. We have analysed the chain diffusion and migration
across the streamlines through the evaluation of the proba-
bility distribution of the z coordinate of the chain centre of
mass, P(zCM ) and its average position 〈zCM〉. We have found
FIG. 14. Schematic figure of a filament immersed into a fluid flow and
subjected to an external magnetic field.
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that P(zCM ) develops well defined peaks at a given distance
to the channel walls. Such positions, that behave as trapping
points, result from the balance between the tendency to push
particles far from the walls due to the extra tension in the
streamlines and the effect of the flow to move particles away
from the centre of the channel. In addition to these effects,
thermal fluctuations are responsible for the diffusion across the
streamlines.
We have also investigated the relevance of the initial posi-
tion of the filament across the channel in the case of a Poiseuille
flow. In absence of the external magnetic field, the dynamics
is dominated by the tumbling motion and there is no evi-
dence of any effect of the initial position. At non-zero field,
instead, we found the system to retain the memory of the ini-
tial condition over a large period of time. In the short time
limit, t . 10τ0, the chain diffusion across the streamlines is
slow enough so that the filament is strongly influenced by its
original position. This is evidenced by the variation of the
tilt angle under different flow velocities and the probability
distributions of the magnetisation and radius of gyration. For
longer times, the filament may reach eventually the opposite
layer, where it is forced to adopt an antisymmetric conforma-
tion with respect to its stabilised configuration in the former
layer. This complete reorientation takes place when the cen-
tral region is crossed. In the long time limit, t ≈ 38τ0, still
clear effects of the initial location are observed in the vari-
ation of the radius of gyration with the flow. In this regime,
the structural properties of the filament have been analysed
and the results for Poiseuille and Couette flows have been
compared. We found the Couette flow to provide the fastest
response to the flow, as well as the largest values of the radius of
gyration.
As a final comment, it is very interesting that a filament
stabilised in a Poiseuille flow is able to retain its orientation
over a period of time that can exceed, depending on the field
intensity and flow velocity, by an order of magnitude its typical
relaxation time. This finding can be of great interest in physical
processes that take place within this time scale, as it for instance
could help to tune the rheological and tribological properties
of a fluid containing a finite concentration of those filament
units.
SUPPLEMENTARY MATERIAL
See supplementary material for videos provided to illus-
trate the tumbling motion of the filament observed at h = 0 and
its stabilisation at h > 0.
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COLLDENSE.
APPENDIX: ALIGNMENT ANGLE IN THE LINEAR ROD
APPROXIMATION
Consider a rigid linear rod built up of monomers with per-
fectly aligned dipoles. The rod has a length Ree corresponding
to the end to end distance of the filament. The angle of the rod,
assumed to be oriented in the x-y plane, is given by θ. Then
the total magnetic torque can be written as
τµ = N µH cos θ. (A1)
This magnetic torque is counterbalanced by a hydrody-
namic torque due to the flow, which can be calculated as
follows.
Neglecting perturbations of the flow through the filament
particles, each monomer j experiences a local excess flow
velocity vj = v(zj) − v(zcm) in the co-moving reference frame
of the centre of mass of the filament, where zj is the z-position
of monomer j, zcm is the centre of mass of the filament, and
v(z) is the flow velocity in the channel. We assume that the
local flow velocity can be approximated by
vj = z′j γ˙(zcm), (A2)
where we have introduced the local coordinates z′j = zj − zcm.
In the case of Couette flow, this is true in any case
and γ˙(zcm)= γ˙. For Poiseuille flow γ˙(zcm)= ∂v(z)/∂z |z=zcm
= 4vflow/W (2zcm/W − 1), since v(z)= − vflow(2z/W − 1)2
+ vflow . The local force that the monomer j experiences due
to hydrodynamic friction is given by
Fj = Γvj, (A3)
where Γ is the friction coefficient of a monomer (see inset in
Fig. 7(a)). In order to calculate the torque around the center
of mass of the filament, we introduce the effective distance
between monomers σe such that the total length of the rod
is given by Ree =σeN . The effective distance σe basically
accounts for thermal fluctuations and deviations from a lin-
ear shape. The distance of a monomer from the center of mass
is then given by dj = σe( j + 1/2), where j = −N/2 . . .N/2.
Therefore, taking into account the friction force perpendicular
to the rod, the torque around the filament center of mass due
to monomer j is
τj = Fj ( j + 1/2)σe sin θ (A4)
= Γγ˙(zcm) ( j + 1/2)2σ2e sin2 θ, (A5)
where we have used Eqs. (A2) and (A3) and
z′j = ( j + 1/2)σe sin θ. (A6)
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The total hydrodynamic torque τν is given by summing the
contributions of all N monomers,
τν =
N/2∑
j=−N/2
τj (A7)
= Γγ˙(zcm) σ2e sin2 θ
N/2∑
j=−N/2
( j + 1/2)2. (A8)
Using that ∑N/2j=−N/2 (j + 1/2)2 = 1/12 (N3 −N) we finally
obtain
τν = γ˙(zcm)Γ N(N
2 − 1)
12
σ2e sin2 θ. (A9)
For odd numbers N, one can derive the same result with differ-
ent indexing and a different definition of z′j . Equating the two
torques in Eqs. (A1) and (A9) yields Eq. (8).
Eq. (8) is a quadratic equation in cos θ and we have used
the positive root for the lines in Fig. 7(a) and Fig. 8.
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